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Abstract
We study "nite test-sets for overlap-freeness of morphisms from a free monoid A∗ into another B∗. When Card(A) =
Card(B) = 2, Berstel and S3e3ebold have shown that such a "nite test-set exists, and, Richomme and S3e3ebold have char-
acterized all of them. For other values of Card(A) and Card(B), we show whether or not exist such "nite test-sets, and
in the former case we characterize all of them. We also do this when considering uniform morphisms for all values of
Card(A) and Card(B).
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1. Introduction
At the beginning of the century, Thue [25,26] (see also [3,4]) worked on repetitions in words. Among other results, he
showed the existence of an overlap-free in"nite word over a binary alphabet. Since these works, many other results on
repetitions in words have been achieved (see [7] for a recent survey, and [13,14] for related works), and Thue’s results
have been rediscovered in several instances (see for example [13]).
Thue obtained an in"nite overlap-free word over a two-letter alphabet (called the Thue–Morse word since the works
of Morse [15]) generated by a morphism  ((a) = ab and (b) = ba). Morphisms are widely used to generate in"nite
words. To obtain an in"nite word with some property P, one very often uses morphisms preserving property P, called
P-morphisms. A lot of studies concern such morphisms: Sturmian morphisms (see [14, Chapter 2] for a recent survey),
power-free morphisms [11], square-free morphisms [2,8], overlap-free binary morphisms [1,9,22–26], etc. Our paper deals
with overlap-free morphisms.
Since the works of Thue [26], we know that the monoid of overlap-free endomorphisms on {a; b} is "nitely generated
by the empty morphism, the exchange morphism, and the Thue–Morse morphism. This leads to an eCcient algorithm
to determine whether a morphism from {a; b}∗ to {a; b}∗ is overlap-free. But this particular situation does not hold for
larger alphabet [17]: when A is an alphabet containing at least three letters, the monoid of overlap-free endomorphisms
on A is not "nitely generated. For arbitrary alphabets A and B, the decidability status of overlap-freeness of morphisms
from A∗ to B∗ is not known. Only some suCcient conditions can be found for instance in [10].
Other tests exist for overlap-freeness of endomorphisms on {a; b}. In [5], Berstel and S3e3ebold have shown that an
endomorphism f on {a; b} is overlap-free if and only if the images of all overlap-free words of length at most 3 are
overlap-free or, equivalently, if f(abbabaab) is overlap-free. In [18], Richomme and S3e3ebold have improved this result
showing that an endomorphism f on {a; b} is overlap-free if and only if f(bbabaa) is overlap-free. More precisely, they
have characterized all "nite test-sets for overlap-freeness of binary endomorphisms.
 An extended abstract of this paper was presented at MFCS’2002 [20].
E-mail addresses: richomme@laria.u-picardie.fr (G. Richomme), wlazinsk@laria.u-picardie.fr (F. Wlazinski).
0166-218X/$ - see front matter c© 2004 Elsevier B.V. All rights reserved.
doi:10.1016/j.dam.2003.10.005
G. Richomme, F. Wlazinski / Discrete Applied Mathematics 143 (2004) 92–109 93
A test-set for overlap-freeness of a class C of morphisms is a set T of words such that, for any f∈C, f is overlap-free
if and only if f(T ) is overlap-free. A "nite test-set gives naturally an algorithm for overlap-freeness of morphisms in the
concerned class. Note that the technique of test-set has already been used to obtain characterization for other property-free
morphisms. It is for instance the case for the study of Sturmian morphisms [6,16], square-free morphisms [8], cube-free
morphisms [12,19], k-power-free morphisms [21,27].
Richomme and S3e3ebold have characterized "nite test-sets for overlap-freeness of morphisms from A∗ to B∗ only in the
case Card(A) = Card(B) = 2. Here we study test-sets for overlap-freeness of morphisms in all other cases. When A and
B are alphabets such that 26Card(A6Card(B), either we show that such a test-set does not exist, or we characterize
all of them. In Section 2, we recall notions on words and morphisms. In Section 3, we present the notion of test-set for
overlap-freeness of morphisms and our main results in a precise way. Section 4 is devoted to proofs using intermediate
technical results.
2. Preliminaries
We assume the reader is familiar with combinatorics on words and morphisms (see e.g. [13,14]). We precise our
notations.
2.1. Words
Given a "nite set X , we will denote by Card(X ) its cardinality, that is, the number of its elements. An alphabet A
is a "nite set of symbols called letters. A word over A is a "nite sequence of letters from A. The empty word j is the
empty sequence of letters. Equipped with the concatenation operation, the set A∗ of words over A is a free monoid with
j as neutral element and A as set of generators. For any subset S of A∗, S∗ denotes the set of words obtained by "nite
concatenation of words from S and including the empty word. Given a non-empty word u = a1 : : : an with ai ∈A, the
length of u denoted by |u| is the integer n. We have |j| = 0. We denote by alph(u) the set {ai | 16 i6 n}. We have
alph(j) = ∅.
A word u is a factor of a word v if there exist two (possibly empty) words p and s such that v = pus. We will also
say that v contains the word u (as a factor). If p = j, u is a pre9x of v. If s = j, u is a su:x of v. If u = v, u is
a proper factor of v. If v is a pre"x (resp. suCx) of a word u, we denote by v−1u (resp. uv−1) the word w such that
u= vw (resp. u= wv).
Given a set X of words, we denote by Fact(X ) the set of factors of words in X . A word u is a factor (resp. a pre9x,
a su:x) of X , if u is a factor (resp. a pre"x, a suCx) of a word in X .
Let w be a word and let i; j be two integers such that 06 i− 16 j6 |w|. We denote by w[i::j] the factor u of w such
that there exist two words p and s with w=pus, |p|= i− 1, |s|= |w| − j. Note that, when j= i− 1, we have w[i::j] = j.
When i = j, we also denote by w[i] the factor w[i::i] which is the ith letter of w.
Given two words w and u, we denote by |w|u the number of diKerent words p such that pu is a pre"x of w. For
instance, if w = abaababa, we have |w|a = 5, |w|aba = 3.
An overlap is a word of the form vv with  a letter and v a word. Note that a word contains an overlap if and
only if it contains a factor of the form vv with some words  = j and v. A word is said overlap-free if none of its
factors is an overlap.
2.2. Morphisms
Let A; B be alphabets. A morphism f from A∗ to B∗ is a mapping from A∗ to B∗ such that for all words u; v over
A, f(uv) = f(u)f(v). When B has no importance, we will say that f is a morphism on A or that f is de"ned on A. A
morphism on A is entirely known by the images of the letters of A. When A= B, f is called an endomorphism (on A).
When Card(A) = 2, f is said to be a binary morphism (or endomorphism if A= B). Given an integer L, f is L-uniform
if for each letter a in A we have |f(a)|= L. The morphism f is uniform if it is L-uniform for an integer L¿ 0. Given
a set X of words over A, and given a morphism f on A, we denote by f(X ) the set {f(w) |w∈X }.
If f is a morphism on A, and B ⊆ A, we denote by f|B the restriction of f to B, that is, the morphism de"ned on B
by f|B(x) = f(x), for all x in B.
We denote by IdA or simply Id the identity endomorphism on A. If f is an endomorphism on A, we de"ne inductively
powers of f by f0 = Id, and for any integer n¿ 1, fn = f ◦ fn−1.
A morphism f on A is overlap-free if f(w) is overlap-free for all overlap-free words w over A. A morphism f on A
is overlap-free on words of length up to an integer n, if f(w) is overlap-free for all overlap-free words w over A with
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|w|6 n. The empty morphism  (∀a∈A, (a)=j) is overlap-free. If A and B are alphabets with Card(A)6Card(B), and
if f is a morphism from A∗ to B∗ such that, for all a in A, |f(a)| = 1, and such that Card({f(a) | a∈A}) = Card(A),
then f is overlap-free. Such a morphism is used to rename letters. When A= B= {a; b}, there are two such morphisms:
the identity morphism and the exchange morphism E de"ned by E(a) = b and E(b) = a. It is well-known (see, e.g.,
[3,26]) that the endomorphism  on {a; b} de"ned by (a) = ab, (b) = ba is overlap-free. More precisely, a non-empty
endomorphism on {a; b} is overlap-free if and only if it is on the form k or k ◦ E [26].
A non-erasing morphism is a morphism for which f(a) = j for all a∈A. The empty morphism  is the only morphism
which is both erasing and overlap-free: for any erasing morphism f = , there exist two distinct letters a and b in A such
that f(a) = j, f(b) = j, and so f(abaa) contains an overlap.
A morphism on A is called pre9x (resp. su:x) if for all a; b in A, f(a) is not a pre"x (resp. not a suCx) of f(b).
A morphism is bi9x if it is pre"x and suCx. A strongly bi9x morphism is a non-erasing morphism such that, for all
distinct letters a and b in A, f(a) and f(b) start with diKerent letters and end with diKerent letters. Any strongly bi"x
morphism is bi"x. Any non-empty overlap-free morphism f is strongly bi"x (see [9]). Otherwise there exist two distinct
letters a and b in A such that f(aab) or f(abb) contains an overlap. Note that there exists a strongly bi"x morphism
(and consequently a non-empty overlap-free morphism) from A∗ to B∗ if and only if Card(A)6Card(B).
3. Results
In this section we state the main results of this paper (missing proofs are given in Section 2). We start by explaining
the notion of test-sets and studying basic cases.
3.1. Test-sets for overlap-freeness
Let A; B be alphabets. A set T (⊆ A∗) is a test-set for overlap-freeness of morphisms from A∗ to B∗ if, for each
morphism f from A∗ to B∗, f is overlap-free if and only if f(w) is overlap-free for all words w in T .
If Card(A) = 1, there are only three overlap-free words over A: j, a and aa. Since j and a are factors of aa, the set
{aa} is a test-set for overlap-freeness of morphisms on {a}.
If Card(A)¿Card(B), we have already seen in Section 2 that there is no non-empty overlap-free morphism from A∗
to B∗. More precisely, if f is a non-empty morphism from A∗ to B∗, since we necessarily have Card(A)¿ 2, there exist
two letters x; y such that either f(x) and f(y) start with the same letter, or f(x) = j and f(y) = j. Thus f(xxyx)
contains an overlap. In such a case, {xxyx | x; y∈A; x = y} is a "nite test-set for overlap-freeness of morphisms from A∗
to B∗.
From now on, we consider 26Card(A)6Card(B). In this case, as we have already remarked in Section 2.2, any
morphism f with |f(a)| = 1 for each a in A and Card({f(a) | a∈A}) = Card(A) is overlap-free. This implies that all
words in a test-set for overlap-freeness of morphisms are overlap-free.
In most cases, there is no "nite test-set. More precisely, in Section 4.1, we prove:
Theorem 3.1. Given alphabets A and B with 36Card(A)6Card(B), there is no 9nite test-set for overlap-freeness of
morphisms from A∗ to B∗.
Note that the same kind of results exist for test-sets for k-power-freeness of morphisms [8,19,21]. In the next sections,
we consider particular cases in which test-sets exist.
3.2. Uniform morphisms on at least 3 letters
First, we remark that the situation in Theorem 3.1 is radically diKerent when considering only uniform morphisms.
Given an alphabet A, let TU(A) be the union of the two following sets of words over A:






x; y; z ∈A; w1; w2 ∈A∗;
∀a∈A; |w1yw2|a6 1;




(Note that “∀a∈A; |xw0|a6 1” means that the letters occurring in w0 are distinct and all diKerent from x.)
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In Section 4.2, we prove the next theorem. It implies in particular that TU(A) is a test-set for overlap-freeness of uniform
morphisms when Card(A)¿ 3. We will see in Section 3.4 that it is no longer true when Card(A) = 2.
Theorem 3.2. Given alphabets A and B with 36Card(A)6Card(B), a set T of non-overlap-free words over A is a
test-set for overlap-freeness of uniform morphisms from A∗ to B∗ if and only if TU(A) ⊆ Fact(T ).
Since ∀w∈ TU(A); |w|6Card(A) + 2, if we only want to bound the length of the words to check, we have:
Corollary 3.3. Given alphabets A and B with 36Card(A)6Card(B), a uniform morphism from A∗ to B∗ is overlap-free
if and only if it is overlap-free on words of length up to Card(A) + 2.
We end the presentation of Theorem 3.2 by showing how to obtain some smaller test-sets than TU(A). Let us recall
that Card(A)¿ 3.
A "rst way is to delete from TU(A) words that are factors of other words. For instance, any word xw0x of TU1(A)
(x∈A, w0 ∈A∗) such that |w0x|6 (Card(A) − 1)=2 is a factor of a word in TU2(A). Indeed, taking p = |w0x|, from
Card(A)¿ 2p+1, we know that there exist p+1 distinct letters c1; : : : ; cp; y such that alph(w0x)∩ {c1; : : : ; cp; y}= ∅. It
follows that xw0x is a factor of the word xw0xyc1 · · · cpcp which belongs to TU2(A). Thus, we can get a smaller test-set
than TU(A) by only taking the words in TU2(A) and the words xw0x in TU1(A) with |w0x|¿ (Card(A)− 1)=2.
Note also that any word in TU1(A) of odd length greater than (or equals to) 5 is also a word of TU2(A). Thus we
can get a smaller test-set than TU(A) by only taking the words in TU2(A), the words xw0x of even length in TU1(A) with
|w0x|¿ (Card(A)− 1)=2, and if Card(A)∈{3; 4} the words of length 3 in TU1(A).
We can also see that the words xw1yw2z in TU2(A) with |w1yw2z|x = 0 are factors of xw1yw2zx which belongs to
TU1(A). There are also some words in TU2(A) that are factors of other words in TU2(A). For instance, if {a; b; c; d; e} ⊆ A,
the word abcde is a factor of aabcdee.
Another idea to get test-sets with a smaller cardinality than TU(A) is to replace some words w1; : : : ; wn in TU(A) by an
overlap-free word containing w1; : : : ; wn as factors. For instance, if {a; b; c} ⊆ A, the six words aba, aca, bab, bcb, cac,
and cbc of TU1(A) can be replaced by the word ababcbcaca.
But whatever is the way to reduce the size of the test-set, the sum of the lengths of its elements will always be greater
than Card(A)!. Indeed, all words of TU1(A) of length Card(A) + 1 must be factor of this test-set.
3.3. Binary morphisms
Contrarily to the general case (Theorem 3.1), when the starting alphabet A is of cardinality 2, there exist some "nite
test-sets for overlap-freeness of morphisms (even if they are not uniform). This has already been proved in case Card(B)=2
in [5]. Moreover, when Card(B) = 2, "nite test-sets for morphisms from A∗ to B∗ have been characterized in [18]
(Theorem 5). Considering A={a; b} and the set TB={aba; bab; abba; baab}, we characterize test-sets for overlap-freeness
of morphisms from A∗ to B∗ when Card(B)¿ 3.
Theorem 3.4. Given an alphabet B with Card(B)¿ 3, a set T of overlap-free words over {a; b} is a test-set for
overlap-freeness of morphisms from {a; b}∗ to B∗ if and only if TB ⊆ Fact(T ) and there exist two words u and v
in T such that |u|a¿ 3, |v|b¿ 3.
Theorem 3.4 is a corollary of the next one proved in Section 4.3.
Theorem 3.5. Given an alphabet B with Card(B)¿ 3, a set T of overlap-free words over {a; b} is a test-set for
overlap-freeness of non-erasing morphisms from {a; b}∗ to B∗ if and only if TB ⊆ Fact(T ).
Note that TB is itself a test-set for overlap-freeness of non-erasing binary morphisms but it is not a test-set for
overlap-freeness of binary morphisms in the general case.
Proof of Theorem 3.4. Let T be a test-set for overlap-freeness of morphisms from {a; b}∗ to B∗. It is a test-set for
overlap-freeness of non-erasing morphisms from {a; b}∗ to B∗. By Theorem 3.5, TB ⊆ Fact(T ). Let x be a letter in B.
Let f be the non-overlap-free morphism de"ned by f(a) = x and f(b) = j. For all overlap-free word w with |w|a6 2,
f(w) is overlap-free. Thus T must contain a word u with |u|a¿ 3. Similarly, considering f ◦ E instead of f; T must
contain a word v with |v|b¿ 3.
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Conversely, let T be a set of overlap-free words over {a; b} such that TB ⊆ Fact(T ). Assume also that T contains
two words u and v with |u|a¿ 3 and |v|b¿ 3. Let f be a morphism on {a; b}. If f is overlap-free, by de"nition of
f and T , f(T ) is overlap-free. From now on, assume that f is not overlap-free. If f is erasing (but f = ), f(u)
contains f(a)f(a)f(a) or f(v) contains f(b)f(b)f(b): since f(a) = j or f(b) = j, f(T ) is not overlap-free. If f is
non-erasing, by Theorem 3.5, there exists a word w in T such that f(w) contains an overlap. Thus, the set T is a test-set
for overlap-freeness of morphisms from {a; b}∗ to B∗.
3.4. Uniform binary morphisms
Now we come to the particular case of uniform morphisms from A∗ to B∗ with Card(A) = 2. The characterization
of test-sets for overlap-freeness depends on Card(B). In Sections 4.4 and 4.5, we successively prove the two following
results.
Theorem 3.6. Let A = {a; b} and let B be an alphabet with Card(B)¿ 3. A set T of overlap-free words over A is a
test-set for overlap-freeness of uniform morphisms from A∗ to B∗ if and only if T contains as factors
(1) the words aa; bb; aba; bab;
(2) at least one of the words aab; bba; ababb; babaa;
(3) at least one of the words baa; abb; bbaba; aabab.
Theorem 3.7. A set T of overlap-free words over {a; b} is a test-set for overlap-freeness of uniform endomorphisms of
{a; b}∗ if and only if T contains as factors
(1) the words ab and ba;
(2) at least one of the words aa; bb;
(3) at least one of the words aab; bba; ababb; babaa;
(4) at least one of the words baa; abb; bbaba; aabab.
In Section 3.2, we announced that TU({a; b}) is not a test-set for overlap-freeness of uniform morphisms on {a; b}.
Indeed, TU({a; b}) = {aa; aba; bb; bab} does not ful"ll the conditions of Theorem 3.6.
In order to show the eKect of the “uniform” hypothesis on test-sets, we recall the following theorem that the reader
can compare with Theorems 3.6 and 3.7.
Theorem 3.8 (Richomme and Seebold [18, Theorem 5]). A set T of overlap-free words over {a; b} is a test-set for
overlap-freeness of endomorphisms on {a; b} if and only if there exist two words u and v in T such that |u|a¿ 3 and
|v|b¿ 3 and T contains as factors
(1) the words aa and bb;
(2) at least one of the words aba; bab;
(3) at least one of the words aab; bba; ababb; babaa;
(4) at least one of the words baa; abb; bbaba; aabab;
(5) at least one of the words aba; abba; bbab; babb;
(6) at least one of the words bab; baab; aaba; abaa.
If we want a result like Corollary 3.3, from Theorems 3.6 and 3.7, we can state
Corollary 3.9. Given alphabets A and B with 2=Card(A)6Card(B), a uniform morphism from A∗ to B∗ is overlap-free
if and only if it is overlap-free on words of length up to 3.
This result was already known in the case Card(A) = Card(B) = 2 [5].
Proof of Corollary 3.9. By de"nition, any overlap-free morphism is overlap-free on words of length up to 3. Conversely if
A={a; b}, and f is an overlap-free morphism on words of length up to 3, then all words in f({aa; bb; aba; bab; aab; baa})
are overlap-free. By Theorems 3.6 (when Card(B)¿ 3) and 3.7 (when Card(B) = 2), if f is uniform, f is
overlap-free.
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3.5. Test-words
A test-word for overlap-freeness of morphisms is a word w such that {w} is a test-set for overlap-freeness of morphisms.
In [5], Berstel and S3e3ebold proved that the word abbabaab is a test-word for overlap-freeness of morphisms from
{a; b}∗ to {a; b}∗. In [18], Richomme and S3e3ebold proved that one of the smallest test-word for overlap-freeness of
morphisms from {a; b}∗ to {a; b}∗ is bbabaa.
A natural question is: what about test-words when we consider morphisms from {a; b}∗ to B∗ with Card(B)¿ 3, or
when we consider uniform morphisms?
As a consequence of Theorem 3.4, we can see that abbabaab is a test-word for overlap-freeness of morphisms from
{a; b}∗ to B∗ where B is any alphabet with Card(B)¿ 3. However, no word of length seven or less can be such a test-word.
There are seven other test-words of length eight: abaabbab, ababbaab, abbaabab, baababba, baabbaba, babaabba and
babbaaba. Note that each of these eight words are test-words for overlap-freeness of endomorphisms on {a; b}.
When considering uniform morphisms from {a; b}∗ to B∗ with Card(B)¿ 3, from Theorem 3.6, there is no test-word
for overlap-freeness of length 5 or less, and there exist two test-words of length 6: aababb, bbabaa. When considering
uniform endomorphisms on {a; b}, from Theorem 3.7, there is no test-word for overlap-freeness of length 3 or less, and
there exist two test-words of length 4: abba, baab. In this case, aababb and bbabaa are also test-words.
The question of the existence of test-words can also be asked in the case of uniform morphisms from A∗ to B∗ when
36Card(A)6Card(B). As already said in Section 3.2, if such a test-word exists, it must contains as factors the Card(A)!
words of TU1(A) of length Card(A) + 1, and so its length must be greater than Card(A)!.
4. Proofs
In this section, we prove the results presented in Section 3. We start by treating a situation that will be frequently met.
Lemma 4.1. Let f be a strongly bi9x morphism. Let w1; w2; w3; v0; v1; v2; v3 be words and  be a letter such that
f(w1) = v0v1, f(w2) = v2v1 and f(w3) = v2v3.
The word w1w2w3 is not overlap-free.
Proof. Let t be the longest common suCx of w1 and w2. Let p; t0 be the words such that w1 = pt; w2 = t0t. Since f
is strongly bi"x, |f(t)|¿ |v1|. Let p′ be the word such that f(t) = p′v1. We have v0 = f(p)p′, and v2 = f(t0)p′.
Consequently f(t0t)=f(w2)=f(t0)p′v1 and f(w3)=f(t0)p′v3. Since f is strongly bi"x there exist a non-empty word
t1 such that t0t1 is a common pre"x of w2 and w3. Let t2 be such that t= t1t2. The word w1w2w3 starts with pt1t2t0t1t2t0t1
and so it contains an overlap.
4.1. Cases of inexistence of 9nite test-sets
In this section, we prove:
Theorem 3.1. Given alphabets A and B with 36Card(A)6Card(B), there is no 9nite test-set for overlap-freeness of
morphisms from A∗ to B∗.
To show that any test-set for overlap-freeness of endomorphisms on an alphabet A containing at least three letters is
in"nite, we need the following lemma.
Lemma 4.2. Let A be an alphabet containing at least three distinct letters a; b and c. Let u be a word over {a; b}
such that aua is overlap-free. The word cauac must be a factor of any test-set for overlap-freeness of endomorphisms
on A.
Proof. The morphism "3 from {a; b; c}∗ to {a; b; c}∗ de"ned by "3(a) = abc; "3(b) = bca; "3(c) = cab is overlap-free
(see, e.g., [23]. It is also possible to prove this property of "3 using Proposition 4.4 that will be proved, independently,
in Section 4.2).
Under the hypotheses of the lemma, let f be the endomorphism on A de"ned by
f(a) = "3(a) = abc;
f(b) = "3(b) = bca;
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f(c) = "3(caua)caab= cababcf(u)abccaab;
f(d) = d for all d∈A\{a; b; c}:
To state the lemma, we prove that this morphism veri"es for any overlap-free word w over A: f(w) contains an overlap
if and only if cauac is a factor of w.
We "rst prove it when A= {a; b; c}.
Observe "rst that f(cauac) = cabf(aua)ca[a(bf(aua)c)a(bf(aua)c)a]ab. Consequently if cauac is a factor of a word
w then f(w) is not overlap-free.
Conversely, let w be an overlap-free word such that f(w) = pvvs with  a letter, and p; v; s words. We have to
prove that w contains the factor cauac.
The factor cc in f(w) plays a central role. We cannot have |vv|cc =0. Indeed, in this case, vv would be a factor
of caab"3(t)"3(caua) for a word t ∈{a; b}∗ which is a factor of w. This means that t and thus ctc are overlap-free. Since
aua is also overlap-free, ctcaua is overlap-free. But ab"3(tcaua) is a suCx of "3(ctcaua) and "3 is overlap-free. It follows
that the word x = ab"3(t)"3(caua) is overlap-free. Since vv is a factor of cax, vv or cvv must be a pre"x of
cax. If t = j, cax starts with caabcaba. But cax contains only one occurrence of the factor aba: no overlap can occur in
cax. If t starts with b, cax starts with caabbca and contains only one occurrence of bb: no overlap can occur in cax. If t
starts with a, cax starts with caababc and contains only two occurrences of aba. The "rst one is preceded by the pre"x
ca of cax and the second is preceded by c: no overlap can occur in cax.
Thus |vv|cc¿ 1. So |vv|cc¿ 1. We can assume |v|cc¿ 1. Indeed, if |vv|cc¿ 1 and |v|cc = 0,  = c and v
ends with c. But cc is always followed by a in the image of a word by f. Thus v = av′c and s = as′ for two words v′
and s′. This means that f(w) = pc(av′cc)(av′cc)as′ and we can work with av′cc instead of v.
Let y and z be the words such that v= yccz and |y|cc = 0. Let us remark that if, for some words P, S, W , we have
f(W ) = PccS, then one of the two following assertions holds for two words w0 and w′0:
1. W = w0acw′0, Pc = f(w0a), cS = f(cw
′
0), or
2. W = w0cw′0, Pc = f(w0)"3(caua), cS = caabf(w
′
0).
We apply this remark to the two occurrences of cc that appear in f(w) = (py)cc(zy)cc(z)s. This leads to the study of
"ve cases (in what follows w0, w1 and w2 are words):
Case 1: w = w0acw1acw2 with pyc = f(w0a), czyc = f(cw1a), and czs = f(cw2). By Lemma 4.1 (take v1 = yc,
v2 = cz), since w is overlap-free, this case is impossible.
Case 2: w=w0cw1cw2 with pyc=f(w0)"3(caua), czyc=caabf(w1)"3(caua), and czs=caabf(w2). Again by Lemma
4.1 (if |cz|¿ 4, take v1 = yccaab, and v2 the word such that cz = caabv2; if |cz|¡ 4, take v1 the word such that
yc = v1"3(caua) and v2 = "3(caua)cz), this case is impossible.
Case 3: w = w0acw1cw2, pyc = f(w0a), czyc = f(cw1)"3(caua), and czs = caabf(w2). Since the word yc starts
with the letter , it follows that cz is a common pre"x of cab and caa. This implies z = j and  = a. Consequently,
yc = ab"3(aua)caabf(w1)"3(caua). From f bi"x, and pyc = f(w0a), we get an impossibility: f(w0a) cannot end with
"3(caua).
Case 4: w = w0acw2, pyc = f(w0a), czyc = "3(caua), and czs = caabf(w2). As in Case 3, we can observe z = j.
Thus yc = ab"3(aua) = abf(aua). From f bi"x, we deduce w0 ends with cau, and cauac is a factor of w.
Case 5: w=w0cw1acw2 with pyc=f(w0)"3(caua), czyc=caabf(w1a), and czs=f(cw2). Once again, we can observe
z= j and yc= aabf(w1a). But yc is a suCx of f(w0)"3(caua). It follows that there exists a word w4 ∈{a; b}∗ such that
aab"3(w4) is a suCx of f(w0)"3(caua): this is impossible.
In conclusion, only Case 4 is possible: cauac is a factor of w.
To end the proof, we have to extend the property of f (for any overlap-free word w over A, f(w) contains an overlap
if and only if cauac is a factor of w) to an arbitrary alphabet A. For this, we use the following lemma:
Lemma 4.3. Let B; C; D; E be alphabets such that B ∩ C = ∅ and D ∩ E = ∅.
Let h be a strongly bi9x morphism de9ned on B ∪ C such that h|C is overlap-free, h(B) ⊆ D∗ and h(C) ⊆ E∗.
If w is an overlap-free word over B ∪ C such that h(w) is not overlap-free and for all proper factors u of w, h(u) is
overlap-free, then w∈B∗.
Proof. Let w as in the hypotheses of the lemma, and let n = |w|. Since h(w) is not overlap-free, there exist some
words p; v; s and a letter  such that h(w) = pvvs. Since, for all proper factors u of w, h(u) is overlap-free, we have
|p|6 |h(w[1])| and |s|6 |h(w[n])|.
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Since h | C is overlap-free, w must contain a letter from B. Since h is bi"x, it is non-erasing. From h(B) ⊆ D∗,
|p|6 |h(w[1])| and |s|6 |h(w[n])|, we deduce that vv must contain a letter from D.
If vv contains a letter from E, then there exist two letters x; y and two words u1; u2 such that v = u1xyu2 with
(x; y)∈D × E or (x; y)∈E × D. Since h(B) ⊆ D∗ and h(C) ⊆ E∗, it follows that there exist three words w1; w2; w3
such that w = w1w2w3, pu1x = h(w1), yu2u1x = h(w2) and yu2s = h(w3). Note that  is the "rst letter of the word u1x.
Let v1, v2 be the words such that u1x = v1 and v2 = yu2. We have h(w1) = pv1, h(w2) = v2v1, and h(w3) = v2s. By
Lemma 4.1, w is not overlap-free: a contradiction.
Thus vv does not contain any letter of E. Since h is not erasing, w∈B∗.
Let us comme back to the proof of Lemma 4.2. Let W be an overlap-free word such that f(W ) contains an overlap. We
can consider a factor w of W such that f(w) contains an overlap but for all proper factors w′ of w, f(w′) is overlap-free.
By Lemma 4.3 (take B= {a; b; c} and C = A\B), w∈{a; b; c}∗. From the "rst part of the proof, it follows that cauac is
a factor of w and thus of W .
Proof of Theorem 3.1. Let A and B be alphabets with 36Card(A)6Card(B). Without loss of generality, we can assume
A ⊆ B. Let a; b; c be three distinct letters of A, and let u be a word over {a; b} such that aua is overlap-free. Lemma
4.2 shows that cauac is a factor of any test-set for overlap-freeness of morphisms from A∗ to B∗. But from the works of
Thue, there are in"nitely many overlap-free words aua over {a; b}. Thus any test-set for overlap-freeness of morphisms
from A∗ to B∗ with 36Card(A)6Card(B) is in"nite.
4.2. Test-sets for uniform morphisms on at least three letters
The aim of this section is to prove (see Section 3.2 for the de"nition of TU(A)):
Theorem 3.2. Given alphabets A and B with 36Card(A)6Card(B), a set T of non-overlap-free words over A is a
test-set for overlap-freeness of uniform morphisms from A∗ to B∗ if and only if TU(A) ⊆ Fact(T ).
A "rst part of this theorem is given by the next result.
Proposition 4.4. Given alphabets A and B with 36Card(A)6Card(B), the set TU(A) is a test-set for overlap-freeness
of uniform morphisms from A∗ to B∗.
Before proving this proposition, let us state a property of TU(A).
Lemma 4.5. Given an alphabet A with Card(A)¿ 3, the set TU(A) contains all overlap-free words over A of length at
most 3 as factors.
Proof. Indeed, any overlap-free word of length at most 3 is a factor of aab, bcc, aba or abc with a; b; c three distinct
letters. The words aab, bcc, and abc are factors of the word aabcc which is a word in TU2(A). The word aba is a word
in TU1(A).
Proof of Proposition 4.4. Let f be a L-uniform morphism for an integer L¿ 0. All words in TU(A) are overlap-free.
Thus if f is overlap-free, then f(TU(A)) is overlap-free.
Now assume that f is not overlap-free. In particular f = , that is, L = 0. Since f is uniform, f is not erasing. We
show that f(TU(A)) is not overlap-free.
If f is not a strongly bi"x morphism, there exist two diKerent letters x and y, such that f(xxy) or f(xyy) contains
an overlap. The set f(TU(A)) is not overlap-free since, by Lemma 4.5, xxy and xyy are in Fact(TU(A)).
From now on, we assume that f is strongly bi"x.
Let w be one of the shortest overlap-free words over A such that f(w) is not overlap-free. Let  be a letter, let p, v, s be
words such that f(w)=pvvs. By hypotheses on w, we have |f(w[1])|¿ |p|, and denoting n= |w|, |f(w[n])|¿ |s|.
By Lemma 4.5, we can assume that n¿ 4.
Let i be the smallest integer such that |pv|6 |f(w[1::i])|. We have |f(w[i + 1::n])|6 |vs|, and so
|f(w[i + 1::n − 1])|6 |v|¡ |f(w[1::i])|. Since f is uniform, and since n¿ 4, i = 1. By de"nition of i, we also have
|pv|¿ |f(w[1::i − 1])|, and so |vs|¡ |f(w[i::n])|. It follows |f(w[2::i − 1])|¡ |v|¡ |f(w[i::n])|. Thus, since n¿ 4,
i = n.
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Let s1, pi, si, pn be the words such that f(w[1]) = ps1, f(w[i]) = pisi, f(w[n]) = pns, and
v = s1f(w[2::i − 1])pi = sif(w[i + 1::n− 1])pn: (1)
Since f is L-uniform, and since both |pi|¡L and |pn|¡L, we have s1 = si if and only if pi = pn. In this case, by
Lemma 4.1, with w1 = w[1], w2 = w[2::i], w3 = w[i + 1::n], v0 = p, v1 = s1, v2 = f(w[2::i − 1])pi = f(w[i + 1::n− 1])pn
and v3 = s, we get that w is not overlap-free: a contradiction.
Thus |s1| = |si| and |pi| = |pn|. Let j; k be two diKerent integers such that 16 j¡ k6 n and w[j] = w[k]. We prove:
Fact. One of the three following assertions is veri9ed:
(1) j = 1, 1¡k¡ i, and |s1|¡ |si|,
(2) i ¡ j¡n, k = n and |pn|¡ |pi|,
(3) j = 1 and k = n.
Proof. By contradiction, we successively exclude the other cases.
Case 1: We cannot have 1¡j¡k¡ i, or 1 = j¡ k ¡ i with |s1|¿ |si|.
Assume by contradiction that 1¡j¡k¡ i, or 1 = j¡ k ¡ i with |s1|¿ |si|.
Let ‘¿ i be the greatest integer such that sif(w[i + 1::‘]) is a pre"x of s1f(w[2::j]) (if j = 1, then ‘= i). Since f
is uniform, ‘+ k − j is the greatest integer such that sif(w[i + 1::‘+ k − j]) is a pre"x of s1f(w[2::k]). Let y be the
word such that
s1f(w[2::j]) = sif(w[i + 1::‘])y: (2)
Since 0¡ ‖s1| − |si‖¡L, the word y is not empty and |y|¡ |f(w[j])|. Since f is uniform, and since w[j] = w[k], we
also have
s1f(w[2::k]) = sif(w[i + 1::‘ + k − j])y: (3)
From what precedes, we deduce:
w[‘] = w[‘ + k − j]: From the two previous equations, we get that the last letter of f(w[‘]) is also the last letter of
f(w[‘ + k − j]): it is the (L− |y|)th letter of f(w[j]). Since f is strongly bi"x, w[‘] = w[‘ + k − j].
w[j− 1] =w[k − 1]: if j¿ 1. Let x be the word such that f(w[j]) = xy. From Eq. (2), x is a suCx of f(w[‘]) (even
if ‘= i). Since |x|= L− |y|¡L, there exists a letter * such that *x is a suCx of f(w[‘]). From Eqs. (2) and (3), this
letter is also the last letter of f(w[j− 1]) (more precisely of s1 if j= 2) and of f(w[k − 1]). Since f is strongly bi"x,
w[j − 1] = w[k − 1].
w[‘+1]=w[‘+k−j+1]: From Eqs. (1)–(3), the "rst letter of y is the "rst letter of f(w[‘+1]) and of f(w[‘+k−j+1]).
Thus w[‘+ 1] = w[‘+ k − j + 1]. (Note that in case k = i and |pn|¡ |pi|, we can still de"ne ‘ (‘+ k − j = n− 1) and
the previous technics can be applied to prove w[‘ + 1] = w[n].)
w[j+1]=w[k +1]: Let + be the letter such that y+ is a pre"x of f(w[‘+1]). It is also the "rst letter of f(w[j+1])
and of f(w[k + 1]). So w[j + 1] = w[k + 1].
By induction, we get w[j′] = w[j′ + k − j], for all j′, 16 j′¡j′ + k − j6 i, and for all j′, i6 j′¡j′ + k − j6 n.
Let recall that p is a pre"x of f(w[1]) = f(w[1 + k − j]), and pi is a pre"x of f(w[i]) = f(w[i + k − j]). We have
|s1p|= |sipi|=L− 1. Thus from Eq. (1), since f is uniform, s1f(w[2::k− j])p= sif(w[i+1::i+ k− j− 1])pi. It follows:
s1f(w[k − j + 2::i − 1])pi = sif(w[i + k − j + 1::n− 1])pn: (4)
Let x = w[1]w[k − j + 2::i − 1]w[i]w[i + k − j + 1::n]). From Eq. (4), f(x) is not overlap-free. We have also proved
that w[1] = w[1 + k − j] and w[i + k − j + 1::n] = w[i + 1::n − k + j]. Thus x = w[1 + k − j::n − k + j] is a factor of
w, and so, it is overlap-free. Finally, since k − j¿ 1; |x|¡ |w|. This contradicts the fact that w is one of the shortest
overlap-free words with f(w) not overlap-free.
Similarly (it is a mirror case), we can prove:
Case 2: We cannot have i ¡ j¡k ¡n, or i ¡ j¡k = n with |pn|¿ |pi|.
Case 3: We cannot have 16 j¡ k = i.
Otherwise let * be the last letter of si. Since w[i]=w[k]=w[j], it is the last letter of s1f(w[2::j]). We "rst consider
the case |s1f(w[2::j])|¿ |si|. Let V be the word such that s1f(w[2::j]) = siV*. From Eq. (1), the word V* is a
pre"x of f(w[i + 1::n]). Let m6 n be the least integer such that V* is a pre"x of f(w[i + 1::m]). If |s1|¿ |si|, let
x=w[1::j]w[i+ 1::m]. If |s1|¡ |si|, let x=w[2::j]w[i+ 1::m]. Since j¡ i, we have |x|¡ |w|. Moreover the word f(x)
contains the overlap *V*V*. From Case 1, each letter occurring in w[2::j], or in w[1::j] if |s1|¿ |si|, occurs only once.
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From Case 2 (note that since j¡ i, by de"nition of m, in case m = n, we have |pn|¿ |pi|), each letter occurring in
w[i+1::m] occurs only once. Thus x is overlap-free. This contradicts the hypothesis “w is one of the shortest overlap-free
words such that f(w) is not overlap-free”.
The same contradiction arises when j=1 and |s1|¡ |si|, since in this case we can show as previously that f(w[1]w[2])
is not overlap-free.
Similarly we can prove the three following cases:
Case 4: We cannot have i = j¡ k6 n (in the proof, take * as the "rst letter of pi).
Moreover with the same technics, using Cases 3 and 4, we can prove:
Case 5: We cannot have 1¡j¡ i and k = n (in the proof, take * as the "rst letter of f(w[j])).
Case 6: We cannot have j = 1 and i ¡ k ¡n (in the proof, take * as the last letter of f(w[k])).
Case 7: We cannot have 1¡j¡ i¡k ¡n.
Since |s1| = |si| and since f is uniform, we have |s1f(w[2::j])| = |sif(w[i + 1::k])|.
We consider the case |s1f(w[2::j])|¡ |sif(w[i+1::k])| (Case |s1f(w[2::j])|¿ |sif(w[i+1::k])| is similar). Let * be the
"rst letter of f(w[j])=f(w[k]). From Eq. (1), there exists a word V such that sif(w[i+1::k− 1])= s1f(w[2::j− 1])*V .
The word *V is a suCx of f(w[i::k − 1]), and the word *V* is a pre"x of f(w[j::i]). From Case 3, each letter
occurring in w[j::i] occurs only once. From Case 4, each letter occurring in w[i::k − 1] occurs only once. Thus the word
x=w[i::k−1]w[j::i] is overlap-free. Moreover |x|¡ |w| and f(x) contains the overlap *V*V*. This contradicts once again
the “shortest” hypothesis on w.
We end the proof of Proposition 4.4.
If |s1|¿ |si| and |pn|¿ |pi|, or if |s1|¡ |si| and |pn|¡ |pi|, since f is uniform, from Eq. (1), we deduce |w[2
::i−1]|= |w[i+1::n−1]|. Let w1=w[2::i−1], w2=w[i+1::n−1]; x=w[1]; y=w[i]; z=w[n]. Since n¿ 4, |w1|= |w2|¿ 1.
By the previous fact, ∀a∈A |w1yw2|a6 1, |w1|z = 0 = |w2|x; y = x and y = z. Thus w = xw1yw2z ∈ TU2(A).
If |s1|¡ |si| and |pn|¿ |pi|, we have |w[2::i − 1]| = |w[i + 1::n − 1]| + 1. Let w1 = w[2::i − 1], w2 = w[i + 1::n − 1],
x = w[1], y = w[i], z = w[n]. From the previous fact, we have |w1|z = 0 = |w2|x, ∀a∈A |w1yw2|a6 1, y = x; y = z.
Moreover |w2|z = 0 from Assertion 2 in the fact. If x = z; w∈ TU1(A). If x = z; wy∈ TU2(A).
The case |s1|¿ |si| and |pn|¡ |pi| can be treated similarly.
Proposition 4.4 allows to state the “if” part of Theorem 3.2. To prove the “only if ” part (that is to prove that any
test-set for overlap-freeness of uniform morphisms contains TU(A) as a subset of factors), we need the following four
lemmas.
Lemma 4.6. Let A and B be alphabets such that 36Card(A)6Card(B). For any di@erent letters a and b in A, the
word aba must be a factor of any test-set for overlap-freeness of morphisms from A∗ to B∗.
Proof. Without loss of generality, we can assume A ⊆ B. Let a; b; c be three distinct letters in A. Let f be the morphism
from A∗ to B∗ de"ned by:
f(a) = acbabca;
f(b) = bacbcab;
f(d) = dbbabbd for all letters d∈A\{a; b}:
To state the lemma, we prove that this morphism veri"es for any overlap-free word w over A: f(w) contains an overlap
if and only if aba is a factor of w.
First observe that f(aba) = (acba)b(cabac)b(cabac)b(abca).
Let w be an overlap-free word over A such that f(w) is not overlap-free. Let  be a letter and let p; v; s be words
such that f(w) = pvvs. We have to prove that aba is a factor of w. Without loss of generality, we can assume that
|p|6 |f(w[1])| and |s|6 |f(w[|w|])|. In this particular case, we show that w = aba.
Assume |w|d = 0 for a letter d in A\{a; b; c}. By hypothesis on |p| and on |s|, we get |vv|d¿ 1 and so |v|d = 0.
Let v1; v2 be words such that v= v1dv2. We cannot have vv=ddd, that is, we have v2v1 = j. It follows, by de"nition
of f, that |v2v1|¿ 5. Thus |v2|¿ 2 or |v1|¿ 2. If |v2|¿ 2 and v2 starts with bb, then there exist words w1; w2; w3 such
that f(w1) = pv1, f(w2) = dv2v1; f(w3) = dv2s and w = w1w2w3. If v1 = j,  is the "rst letter of v1, and we get a
contradiction by Lemma 4.1 with w overlap-free. If v1 = j, then  = d, w2 starts with d, and since f is strongly bi"x,
w3 starts with w2d: once again we have a contradiction with w overlap-free. If |v2|¿ 2 and v2 does not start with bb,
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then there exist words w1; w2; w3 such that f(w1) = pv1d; f(w2) = v2v1d; f(w3) = v2s and w = w1w2w3. Since the "rst
letter of v1d is , by Lemma 4.1, we have a contradiction with w overlap-free. The case |v1|¿ 2, considering the two
last letters of v1, leads to the same contradiction.
So w∈{a; b; c}∗.
Remark that, by de"nition of f, for any letters x; y; z in {a; b; c}, f(x) cannot be an internal factor of f(yz) (that is
f(yz) = .1f(x).2 with .1 = j, .2 = j).
Assume that there exist an integer i with 16 i6 |w|, and two words v1; v2 such that f(w[1::i])=pv1, v=v1f(w[i+1])v2,
and f(w[i + 2::|w|]) = v2vs. In this case, we have f(w[i + 2::|w|]) = v2v1f(w[i + 1])v2s. From the previous remark,
there exists an integer j, i+26 j¡ |w|, such that f(w[i+2::j])=v2v1, f(w[j+1])=f(w[i+1]); f(w[j+2::|w|])=v2s.
Let w1; w2; w3; V2 be the words such that w1 = w[1::i]; w2 = w[i + 1::j]; w3 = w[j + 1::|w|], V2 = f(w[i + 1])v2. We have
f(w1) = pv1, f(w2) = V2v1; f(w3) = V2s. By Lemma 4.1, w = w1w2w3 is not overlap-free: a contradiction.
A similar contradiction arises if there exist an integer i and words v1; v2 such that f(w[1::i])=pvv1, v=v1f(w[i+1])v2,
and f(w[i + 2::|w|]) = v2s.
From |p|6 |f(w[1])| and |s|6 |f(w[|w|])|, it follows that |w|6 3 (otherwise one of the two previous contradictory
situation holds). An exhaustive veri"cation shows that we must have w = aba.
Lemma 4.7. Let p¿ 1 be an integer, A be an alphabet containing at least 2p + 2 letters, and B be an alphabet with
Card(A)6Card(B). Given any distinct letters c1; : : : ; cp; d1; : : : ; dp; *; + in A, given any letters x in {c1; : : : ; cp; +}, and
y in {d1; : : : ; dp; +}, the word xc1 · · · cp*d1 · · · dpy must be a factor of any test-set for overlap-freeness of morphisms
from A∗ to B∗.
Proof. Since Card(A)6Card(B), without loss of generality, we can assume A ⊆ B.
Let p; A; c1; : : : ; cp; d1; : : : ; dp; *; +; x; y as in the hypotheses of Lemma 4.7.
In what follows cp+1 = d0 = *. We consider the morphism f from A∗ to B∗ de"ned by:
f(ci) = ci di−1 di * ci * * ci for all 16 i6p;
f(di) = di * ci * * ci ci+1 di for all 16 i6p;
f(+) = + * d1 * c1 * * +;
f(*) = * dp y * * x c1 *;
f(a) = a d1 d1 c1 d1 c1 c1 a for all a∈A\{c1; : : : ; cp; *; d1; : : : ; dp; +}:
To state the lemma, we prove that this morphism veri"es for any overlap-free word w over A: f(w) contains an overlap
if and only if w contains xc1 · · · cp*d1 · · · dpy as a factor.
Observe "rst that **xf(c1 · · · cp)*dpy* = **xc1*f(d1 · · · dp)y*. Thus f(xc1 · · · cp*d1 · · · dpy) contains an overlap.
Conversely, let w be an overlap-free word over A such that f(w) contains an overlap and let n= |w|. There exist some
words p1; v; sn and a letter  such that f(w) = p1vvsn. We have to prove that xc1 · · · cp*d1 · · · dpy is a factor of w.
Without loss of generality, we can assume that |p1|6 |f(w[1])| and |sn|6 |f(w[n])|. In this particular case, we prove
w = xc1 · · · cp*d1 · · · dpy.
Fact 4.8. alph(w) ⊆ {c1; : : : ; cp; d1; : : : ; dp; *; +}.
Proof. If it is not the case, there exists a letter a in A\{c1; : : : ; cp; d1; : : : ; dp; *; +} that occurs in v. Let v1; v2 be two words
such that v = v1av2: f(w) = pv1av2v1av2s. Observe that aaa cannot occurs in f(w). Thus v1v2 = j and consequently,
|v2v1|¿ 6. This implies |v1|¿ 2 or |v2|¿ 2. If |v1|¿ 2 and v1 ends with c1c1, then there exist three words w1, w2, w3
such that f(w1) = pv1a, f(w2) = v2v1a, f(w3) = v2s and w = w1w2w3. By Lemma 4.1, we get a contradiction with w
overlap-free. If |v1|¿ 2 and v1 does not end with c1c1, then there exist three words w1, w2, w3 such that f(w1) = pv1,
f(w2) = av2v1, f(w3) = av2s and w = w1w2w3. In this case, if v1 = j, then  = a. By de"nition of f, w2 starts with a
and w2a is a pre"x of w3. So w is not overlap-free: a contradiction. If v1 = j, we get the same contradiction by Lemma
4.1. In the case |v2|¿ 2, looking at the beginning of v2, we get the same contradiction.
Note that for all letters a and b in A; f(ab) is overlap-free. It follows that |p1v|¿ |f(w[1])|, and |vsn|¿ |f(w[n])|
So, there exists an integer i (1¡i¡n) and two words pi and si such that f(w[i]) = pisi and
v = s1f(w[2::i − 1])pi = sif(w[i + 1::n− 1])pn: (1)
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If |s1|= |si|, then s1 = si. Taking w1 =w[1], v0 =p1, v1 = s1, w2 =w[2::i], v2 =f(w[2::i− 1])pi =f(w[i+1::n− 1])pn,
w3 = w[i + 1::n], v3 = sn, Lemma 4.1 shows that w contains an overlap: a contradiction.
Thus |s1| = |si| and, since f is uniform, this implies that |pi| = |pn|. This also implies, that for any k and ‘ with
16 k6 i − 1¡‘6 n− 1, |s1f(w[2::k])| = |sif(w[i + 1::‘])|.
We "rst study the case n = 3, that is i = 2; w[2::i − 1] = j and w[i + 1::n− 1] = j. If |s1|¿ |si|, from Eq. (1), there
exists a non-empty word z such that s1 = siz; pn = zpi. This is impossible since there are no values of pi; , si; z such
that pisi ∈f(A), z = j; zpi pre"x of f(A), siz suCx of f(A). If |s1|¡ |si|, let z be the non-empty word such that
si = s1z, pi = zpn. Since z is both a pre"x and a suCx of f(w[i]), the word z must be a letter. This is again impossible
since there are no values of z; pn; s1 such that zpns1z ∈f(A), pn pre"x of f(A) and s1 suCx of f(A).
From now on, n¿ 3, and so, w[2::i − 1] = j or w[i + 1::n− 1] = j.
Assume "rst that |s1|¡ |si|. In this case w[2::i − 1] = j (in particular i¿ 3). Indeed if w[i + 1::n − 1] = j, from
Eq. (1), |f(w[2::i − 1])pi|¿ |f(w[i + 1::n− 1])|¿ 8: it follows, since |pi|6 7; w[2::i − 1] = j.
From Eq. (1), there exist two non-empty words P2 and S2 such that si = s1P2; f(w[2]) = P2S2, and
S2f(w[3::i − 1])pi = f(w[i + 1::n− 1])pn: (2)
Observe that P2S2 ∈f(A), P2 is a non-empty suCx of f(A), and S2 is a non-empty pre"x of f(A). By de"nition of f, there
exists an integer j between 1 and p such that (P2; S2; w[2])=(dj*cj**cj; cj+1dj; dj) or (P2; S2; w[2])=(cjdj−1; dj*cj**cj; cj).
We successively study these two cases.
Case (P2; S2; w[2])=(dj*cj**cj; cj+1dj; dj): The last letter of si is cj the last letter of P2, and the "rst letter of f(w[i+1])
is cj+1 the "rst letter of S2 (even if i+1= n). By de"nition of f, w[i] = cj and w[i+1]= cj+1. Let dp+1 = y. Since pi
is a pre"x of f(w[i]), since pn is a pre"x of f(w[n]), and since f(w[i + 1]) starts with cj+1djdj+1, from Eq. (2), we
deduce (even if i = 3 or i + 1 = n) that f(w[3]) starts with dj+1. Consequently w[3] = dj+1.
If i ¿ 3, then n¿ i + 1. We cannot have j + 1 = p. Indeed otherwise S2f(w[3]) starts with S2y** which is not
a pre"x of f(w[i + 1]): a contradiction. Consequently, there exist two words P3 and S3 such that (P3; S3; w[3]) =
(dj+1*cj+1**cj+1; cj+2dj+1; dj+1).
By induction, we can state that w[2::i]=dj : : : dj+i−2, w[i::2i− 2]= cj · · · cj+i−2 with j+ i− 26p+1 (and 2i− 26 n).
Since we cannot have dj+i−2 = cj , this case is impossible.
Case (P2; S2; w[2]) = (cjdj−1; dj*cj**cj; cj): Similarly to the previous case, we can state that w[2::i] = cj · · · cj+i−2,
w[i::2i − 2] = dj−1 · · · dj+i−3 with j + i − 26p+ 1 (and 2i − 26 n). The only possibility to have cj+i−2 = dj−1 is that
j = 1 and j + i − 2 = p + 1, that is, j = 1 and i = p + 2. In this condition, w[2::p + 1] = c1 · · · cp, w[p + 2] = * and
w[p + 3::2p + 2] = d1 · · · dp. The last letter of f(w[1]) is w[1] by de"nition of f. It is also the last letter of s1. From
si = s1P2, P2 = c1*, w[i] = *, we deduce that w[1] = x. From Eq. (1) and si = s1P2 = s1c1*, we get n= 2p+ 3 and
pi=*dppn. By de"nition of f, we must have =*, s1=x, pn=y which implies w[n]=y. So w=xc1 · · · cp*d1 · · · dpy.
To end this proof we have to consider what happens when |s1|¿ |si|. This situation can be treated as the previous
one. First, we can see that w[i + 1::n − 1] = j. Consequently there exist words Pi+1 and Si+1 such that s1 = siPi+1;
f(w[i + 1]) = Pi+1Si+1, and
Si+1f(w[i + 2::n− 1])pn = f(w[2::i − 1])pi:
Thus, for an integer j between 1 and p such that (Pi+1; Si+1; w[i + 1]) = (dj*cj**cj; cj+1dj; dj) or (Pi+1; Si+1; w[i + 1]) =
(cjdj−1; dj*cj**cj; cj). As for the case (P2; S2; w[2]) = (dj*cj**cj; cj+1dj; dj), we can show that these two cases are
impossible.
Lemma 4.9. Let p¿ 1 be an integer, A be an alphabet containing at least 2p + 1 letters, and B be an alphabet with
Card(A)6Card(B). Given any distinct letters c1; : : : ; cp; d1; : : : ; dp; * in A, given x in {c1; : : : ; cp}, and y in {d1; : : : ; dp},
the word xc1 · · · cp*d1 · · · dpy must be a factor of any test-set for overlap-freeness of morphisms from A∗ to B∗.
The proof of Lemma 4.9 is similar to that of Lemma 4.7 considering the same morphism without the de"nition
of f(+).
Lemma 4.10. Let p¿ 1 be an integer A be an alphabet containing at least 2p+ 1 letters, and B be an alphabet with
Card(A)6Card(B). Given any distinct letters c1; : : : ; cp; d1; : : : ; dp; + in A, the word +c1 · · · cpd1 · · · dp+ must be a factor
of any test-set for overlap-freeness of morphisms from A∗ to B∗.
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Proof. Without loss of generality, assume A ⊆ B. Let p; A; c1; : : : ; cp; d1; : : : ; dp; + as in the hypotheses of Lemma 4.10.
In what follows c0 = dp+1 = +. We consider the morphism f from A∗ to B∗ de"ned by
f(ci) = ci di di+1 di+1 di di+1 ci for all 16 i6p;
f(di) = di ci−1 ci di di+1 di+1 di for all 16 i6p;
f(+) = + cp d1 cp d1 d1 +;
f(a) = a c1 c1 d1 c1 c1 a for all a in A\{c1; : : : ; cp; d1; : : : ; dp; +}:
We can observe that d1+f(c1 · · · cp)d1 = f(d1 · · · dp)+cpd1.
The end of the proof of Lemma 4.10 can be done similarly than the one of Lemma 4.7 proving that this morphism
veri"es for any overlap-free word w over A: f(w) contains an overlap if and only if w contains +c1 · · · cpd1 · · · dp+ as a
factor.
Proof of Theorem 3.2. Let A and B be alphabets such that 36Card(A)6Card(B). Let T be a set of overlap-free words
over A.
If TU(A) ⊆ Fact(T ) then by Proposition 4.4, the set T is a test-set for overlap-freeness of uniform morphisms from A∗
to B∗.
Conversely assume that T is a test-set for overlap-freeness of uniform morphisms from A∗ to B∗. We have to prove
that TU1(A) ⊆ Fact(T ) and TU2(A) ⊆ Fact(T ).
Let xw0x∈ TU1(A) with x∈A; w0 ∈A∗. Since for a in A, |xw0|a6 1, Card(A)¿ |xw0|. If |w0| is even, let p = |w0|=2.
We have Card(A)¿ 2p + 1. There exist 2p distinct letters c1; : : : ; cp; d1; : : : ; dp such that w0 = c1 · · · cpd1 · · · dp. Taking
+= x, Lemma 4.10 implies that xw0x belongs to Fact(T ). If |w0| is odd, we obtain the same conclusion using Lemma 4.7
if |w0|¿ 3, and, using Lemma 4.6 if |w0|= 1.
Let xw1yw2z ∈ TU2(A) with x; y; z ∈A; w1; w2 ∈A∗. Let p= |w1|= |w2|¿ 1. Since for a in A, |w1yw2|a6 1, there exist
2p distinct letters c1; : : : ; cp; d1; : : : ; dp such that w1 = c1 · · · cp, w2 = d1 · · · dp, y ∈ {c1; : : : ; cp; d1; : : : ; dp}. Note that from
|yw2|x=0= |w1y|z , x ∈ {d1; : : : ; dp; y} and z ∈ {c1; : : : ; cp; y}. If x∈{c1; : : : ; cp} and z ∈{d1; : : : ; dp}, then by Lemma 4.9,
xc1 · · · cpyd1 · · · dpz ∈ Fact(T ). If x∈{c1; : : : ; cp} and z ∈ {d1; : : : ; dp}, then Card(A)¿ 2p+2. Taking += z, Lemma 4.7
shows that xc1 · · · cpyd1 · · · dpz ∈ Fact(T ). Similarly the same conclusion holds if x ∈ {c1; : : : ; cp} and z ∈{d1; : : : ; dp}.
Finally, we consider the case x ∈ {c1; : : : ; cp} and z ∈ {d1; : : : ; dp}. If x= z, then xw1yw2z ∈ TU1(A) ⊆ Fact(T ). If x = z,
then xw1yw2zx∈ TU1(A) ⊆ Fact(T ).
4.3. Test-sets for binary morphisms
Let us recall that TB is the set {aba; bab; abba; baab}. This section is devoted to the proof of:
Theorem 3.5. Given an alphabet B with Card(B)¿ 3, a set T of overlap-free words over {a; b} is a test-set for
overlap-freeness of non-erasing morphisms from {a; b}∗ to B∗ if and only if TB ⊆ Fact(T ).
The proof of the “if ” part is a consequence of
Proposition 4.11. Given a non-erasing morphism f on {a; b}, if f(TB) is overlap-free, then f is overlap-free.
When proving this proposition, we will frequently meet the following situations:
Lemma 4.12. Given a morphism h on {a; b}, a letter +∈{a; b}, and an overlap-free word m over {a; b}, each of the
following assertions implies that h(TB) contains an overlap.
(1) There exist two non-empty su:xes x1; x2 of h(+) and a non-empty pre9x t of h(m) such that x1 = x2t.
(2) There exist two non-empty pre9xes x1; x2 of h(+) and a non-empty su:x t of h(m) such that x1 = tx2.
Proof. We only prove that the "rst assertion implies that h(TB) contains an overlap. The proof that the same conclusion
holds with the second assertion is similar.
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Let . be the letter such that {+; .} = {a; b}. We have |t|¡ |h(+)|, t is a pre"x of h(m) and m is overlap-free. This
implies that t is a pre"x of h(+), of h(.+) or of h(..+). Let  be the last letter of x2. Since x2 and x2t = x1 are both
suCxes of h(+), and since t = j,  is the last letter of t. Let u be the word such that t = u. The overlap uu= tt is
a factor of x2tt = x1t and thus of h(++), of h(+.+), or of h(+..+). Thus h(TB) is not overlap-free.
Proof of Proposition 4.11. Let f be a non-overlap-free non-erasing morphism on {a; b}. We have to prove that f(TB)
is not overlap-free. If f is not a strongly bi"x morphism then f(aab) or f(abb) contains an overlap: f(TB) is not
overlap-free. From now on, we assume that f is strongly bi"x.
Let w be an overlap-free word such that f(w) contains an overlap vv with  a letter and v a word. Let n = |w|.
Since TB contains all overlap-free words over {a; b} of length at most 3 as factors, from now on, we assume n¿ 4.
Let p1; sn be words such that f(w) = p1vvsn. Without loss of generality, we can assume that |p1|6 |f(w[1])| and
|sn|6 |f(w[n])|. We denote by s1; pn the words such that f(w[1]) = p1s1 and f(w[n]) = pnsn.
Let i be the shortest integer such that |f(w[1::i])|¿ |p1v|. If i = 1, p1v is a factor of f(w[1]). It follows that
|f(w[2::n−1])pn|6 |v|¡ |f(w[1])|. Since n¿ 4, the only possibility is that w=w[1]w[2]w[2]w[1] (with w[1] = w[2]):
f(TB) is not overlap-free. Similarly, we can obtain the same result when i = n.
From now on, we assume that i = 1 and i = n. There exist two words pi and si such that f(w[i]) = pisi and
v= s1f(w[2::i− 1])pi = sif(w[i+ 1::n− 1])pn. If s1 = si, since f is a pre"x morphism, since |pi|¡ |f(w[i])|, and since
|pn|¡ |f(w[n])|, we get w[2::i−1]=w[i+1::n−1] and pi=pn. From w overlap-free, we deduce that w[1], w[i] and w[n]
are not all equal. So the word w[1]w[i]w[n] is a factor of a word in TB. Moreover f(w[1]w[i]w[n]) contains the overlap
s1f(w[i])pn = (s1pi)(s1pi): f(TB) is not overlap-free. Similarly, we can obtain the same conclusion if pi = pn.
We now consider that s1 = si and pi = pn. Assume w[1] = w[i]. If |s1|¡ |si|, taking x1 = si, x2 = s1, + = w[1],
m=w[2::i] and since v starts both with s1 and si, by Lemma 4.12(1), f(TB) is not overlap-free. If |s1|¿ |si|, the same
conclusion holds exchanging the values of x1 and x2. Similarly, using Lemma 4.12(2), we can show that if w[i] = w[n],
f(TB) is not overlap-free.
From now on, we assume w[1] = w[i] and w[i] = w[n]. We end this proof by showing that if |s1|¡ |si| then f(TB)
is not overlap-free (we leave it to the reader to verify similarly that if |s1|¿ |si| then f(TB) is not overlap-free). So in
what follows, we consider the non-empty word x such that si = s1x. Three cases are possible: i=2, i¿ 3 and w[2]=w[i],
or i¿ 3 and w[2] = w[i]. We denote c = w[1] and d= w[i]: of course {c; d}= {a; b}.
Case i = 2: Here, we have p2 = xf(w[3::n − 1])pn and, in particular, f(w[3::n − 1]) is a factor of f(w[2]). Since
w[2] = w[n], since n¿ 4 and since w is overlap-free, necessarily n= i+2=4, and w[3]=w[4]=w[1]= c. The word dcd
belongs to TB. Moreover f(dcd) = f(w[2]w[1]w[2]) contains the factor s2f(w[1])p2 = s2f(w[1])xf(w[3])pn which
itself contains the overlap (s1xp1)(s1xp1): f(TB) is not overlap-free
Case i¿ 3 and w[2] = w[i] = d: Taking x1 = f(w[2]); x2 = x; += d, by Lemma 4.12(1), f(TB) is not overlap-free.
Case i¿ 3 and w[2] = c: If |s1f(w[2])|¡ |si|, let y be the non-empty word such that si = s1f(w[2])y. If i = 3,
pi = yf(w[i + 1::n− 1])pn. Thus f(d) = yf(w[i + 1::n− 1])pns1f(c)y. Now we observe that w[i + 1::n] starts with c.
Indeed, if n=4, from w[i] = w[n], we get w[i+1::n]=w[n]= c, and if n¿ 5, |f(w[i+1])|¡ |f(d)| implies w[i+1]= c.
Let * be the "rst letter of f(c). It is the "rst letter of f(w[i+ 1::n− 1])pn. The overlap word f(c)yf(c)y* is a factor
of f(dcd): f(TB) is not overlap-free. If i¿ 4, since w[1]=w[2]= c, we have w[3]=d=w[i]. Thus taking x1 =f(w[3]),
x2 = y, += d, by Lemma 4.12(1), f(TB) is not overlap-free.
Since f is a suCx morphism, we cannot have |s1f(w[2])|= |si|.
We end with the subcase |s1f(w[2])|¿ |si|. If w[i + 1] = c, there exists a non-empty suCx y of f(w[2]) such that
f(w[2]) = xy. Taking x1 = f(w[2]); x2 = y; t = x and += c, by Lemma 4.12(2), f(TB) is not overlap-free.
If w[i+1]=d, since f is a suCx morphism, we cannot have |s1f(w[2])|=|sif(w[i+1])|. If |s1f(w[2])|¿ |sif(w[i+1])|,
there exists a word y such that s1f(w[2])= sif(w[i+1])y. Since w is overlap-free, and since w[i]=w[i+1]=d, we have
w[i+2]=c, and y is a pre"x of f(c). Thus taking x1=f(w[2])=f(c), x2=y, t=xf(w[i+1])=xf(d), by Lemma 4.12(2),
f(TB) is not overlap-free. Finally, we consider |s1f(w[2])|¡ |sif(w[i + 1])|. Since w is overlap-free, we have w[3] = d
(possibly i=3). In this case, taking x2 as the "rst letter of f(w[3]) (note that if i=3, since |s1f(w[2])|¡ |sif(w[i+1])|
and since w[i+ 1] = d = w[n], we have pi = j), and taking x1 = yx2 with y the word such that s1f(w[2]) = siy, that is,
f(w[2]) = xy, by Lemma 4.12(2, f(TB) is not overlap-free.
To prove the “only if ” part of Theorem 3.5, we need the following lemma.
Lemma 4.13. Let A; B be alphabets with Card(A)¡Card(B). Let c∈A. Let u be a non-empty overlap-free word over
A\{c}. The word cuc must be a factor of any test-set for overlap-freeness of morphisms from A∗ to B∗.
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Proof. Without loss of generality, we can assume that A ⊂ B. Let x∈B\A. Let f be the morphism from A∗ to (A∪{x})∗
de"ned by
f(c) = cucxc;
f(b) = b; for all b∈A\{c}:
To prove the lemma, we claim that this morphism veri"es for any overlap-free word w over A: f(w) contains an overlap
if and only if cuc is a factor of w. This is suCcient since for any set T of overlap-free words such that cuc ∈ Fact(T ),
we have f(T ) overlap-free: since f is not overlap-free, T is not a test-set for overlap-freeness of morphisms.
We have f(cuc) = (cucx)cucuc(xc).
Conversely, let  be a letter and let w; p; s; v be words such that f(w) = pvvs and w is overlap-free. We have to
prove that cuc is a factor of w.
Assume "rst |v|x¿ 1. Let q; r be the words such that v= qxr with |r|x = 0. By de"nition of f, any occurrence of x
in f(w) is followed by an occurrence of the letter c, and the word xc marks the end of the image of an occurrence of c
in w.
If r = j, we have = c and q= cq′ for a word q′. We have f(w) =pcq′xcq′xcs. Thus there exist three words w1; w2
and w3 such that w = w1cw2cw3 with f(w1c) = pcq′xc, f(w2c) = q′xc and f(w3) = s. Since f is strongly bi"x, w2c is




1) = pc. By de"nition of f, w
′
1 ends with c and
cw2cw2c is a factor of w: a contradiction with w overlap-free.
If r = j, r starts with c. Let v1 and v2 be the words such that r = cv2 and v1 = qxc. By de"nition of f, there exist
three words w1, w2 and w3 such that w = w1w2w3, f(w1) = pqxc = pv1, f(w2) = v2qxc = v2v1 and f(w3) = v2s. By
Lemma 4.1, we again obtain a contradiction with w overlap-free.
Consequently |v|x = 0. So vv is a factor of a word cf(z)cuc with z ∈ (A\{c})∗ overlap-free (remember u = j).
Since f(z) = z, necessarily, z = u= v and  = c. It follows that cuc is a factor of w.
Proof of Theorem 3.5. Let A = {a; b} and B as in the hypotheses of the theorem. Without loss of generality, we can
consider that A ⊆ B. Moreover there exists at least one letter x in B\A. From Lemma 4.13, for any letter c in A and for
any overlap-free word u over A\{c}, the word cuc is a factor of any test-set for overlap-freeness of morphisms from A∗
to B∗. If c= a, u∈{j; b; bb}. If c= b, u∈{j; a; aa}. Thus, for any test-set T for overlap-freeness of morphisms from A∗
to B∗, we have TB ⊆ Fact(T ).
The proof ends by Proposition 4.11: TB is a test-set for overlap-freeness of morphisms from {a; b}∗ to B∗ for any
alphabet B (not necessarily of cardinality ¿ 3).
4.4. Test-sets for uniform binary morphisms
In this section, we prove:
Theorem 3.6. Let A = {a; b} and let B be an alphabet with Card(B)¿ 3. A set T of overlap-free words over A is a
test-set for overlap-freeness of uniform morphisms from A∗ to B∗ if and only if T contains as factors
(1) the words aa; bb; aba; bab,
(2) at least one of the words aab; bba; ababb; babaa,
(3) at least one of the words baa; abb; bbaba; aabab.
We need several lemmas.
Lemma 4.14. Let f be a uniform morphism on {a; b}.
If f(abba) is not overlap-free then f(abb) or f(bba) is not overlap-free.
Proof. Assume that f(abba) is not overlap-free, and that f(abb) and f(bba) are overlap-free. There exist a letter  and
words p; v1; v2; v3; v4; s such that f(a) = pv1 = v4s; f(bb) = v2v3, and v1v2 = v3v4.
If |v3|6 |f(b)|, since v2v3=f(bb), |v2|¿ |f(b)|, and so |v2|¿ |f(b)|−1. Since |v4|6 |f(a)|−1 and |f(a)|=|f(b)|,
|v4|6 |v2|. From v1v2 = v3v4, we get |v3|¿ |v1|. If |v1|= |v3|, then v1 = v3. The words f(a) and f(b) end with the same
letter: a contradiction with f(abb) overlap-free. So |v3|¿ |v1|. Let v5 be the word such that f(b) = v5v3. We have
v2 = f(b)v5. So v1f(b)v5 = v3v4. Let x be the last letter of f(b) and let u be the word such that v1f(b) = v3ux and
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uxv5 = v4. Since v3 is a non-empty suCx of f(b), x is the last letter of v3. From |v1|¡ |v3|, we get xux is a suCx of
f(b), and f(ba) contains the overlap xuxux: a contradiction.
The case |v3|¿ |f(b)| leads similarly to a contradiction.
Lemma 4.15. Let f be a uniform morphism on {a; b}.
If f(aab) is not overlap-free then f(aa) is not overlap-free, or f(ab) is not overlap-free, or f(a) and f(b) start
with the same letter.
Proof. Assume that f(aab) is not overlap-free, and that f(aa) and f(ab) are overlap-free. There exist a letter  and
words p; v1; v2; v3; v4; s such that f(a) = pv1 = v2v3, f(b) = v4s, and v1v2 = v3v4.
If |v2|¡ |v4| then there exists a non-empty word u such that v4 = uv2 and v1 = v3u. Let x be the last letter of u and v1.
It is also the last letter of v3. Consequently f(ab) contains the overlap xuu: a contradiction.
If |v2|¿ |v4|, then there exists a non-empty word u such that v2 = uv4 and v3 = v1u. Let x be the last letter of u and
v3. It is also the last letter of v1. Consequently f(aa) contains the overlap xuu: a contradiction.
Thus |v2|= |v4|. So f(a) and f(b) start with the same letter.
Lemma 4.16. Let f be a uniform morphism on {a; b}.
If f(abb) is not overlap-free then f(ab) is not overlap-free, or f(bb) is not overlap-free, or f(a) and f(b) end with
the same letter.
The proof of Lemma 4.16 is similar to the proof of Lemma 4.15.
Proof of Theorem 3.6. Let T be a set of overlap-free words over A verifying the three properties. Let f be a uniform
morphism. If f is overlap-free, f(T ) is also overlap-free. Conversely assume f(T ) is overlap-free. We prove f(TB) is
overlap-free. By Proposition 4.11, this implies that f is overlap-free, and consequently T is a test-set for overlap-freeness
of uniform morphisms from A∗ to B∗. Since {aba; bab} ⊆ Fact(T ), we only have to prove that f(abba) and f(baab)
are overlap-free.
Since ab; bb and ba belong to Fact(T ), the words f(ab); f(bb) and f(ba) are overlap-free. Since {baa; abb; bbaba;
aabab} ∩ Fact(T ) = ∅, and f(T ) is overlap-free, f(a) and f(b) end with diKerent letters. By Lemma 4.16, f(abb) is
overlap-free. Since {aab; bba; ababb; babaa} ∩ Fact(T ) = ∅, f(a) and f(b) start with diKerent letters. By Lemma 4.15,
f(bba) is overlap-free. By Lemma 4.14, f(abba) is overlap-free. Similarly, f(baab) is overlap-free.
Now let T be a test-set for overlap-freeness of uniform morphisms from {a; b}∗ to B∗. Since Card(B)¿ 3, without
loss of generality, we can assume that {a; b; c} ⊆ B for a letter c ∈ {a; b}.
The morphism f de"ned by f(a) = aa, f(b) = bc veri"es: for all overlap-free words w, f(w) is not overlap-free if
and only if aa is a factor of w. Thus aa∈ Fact(T ). Considering f ◦ E, we get bb∈ Fact(T ).
The morphism f de"ned by f(a) = aba, f(b) = bcb veri"es: for all overlap-free words w, f(w) is not overlap-free if
and only if bab is a factor of w. Thus bab∈ Fact(T ). Considering f ◦ E, we get aba∈ Fact(T ).
The morphism f de"ned by f(a) = ab; f(b) = ac veri"es: for all overlap-free words w, f(w) is not overlap-free if
and only if {aab; bba; ababb; babaa} ∩ Fact(w) = ∅ (note that otherwise w is a factor of abab, babb, baba or abaa).
Consequently {aab; bba; ababb; babaa} ∩ Fact(T ) = ∅.
Finally considering f de"ned by f(a)= ba, f(b)= ca, we can similarly prove that {baa; abb; bbaba; aabab}∩ Fact(T )
= ∅.
4.5. Test-sets for uniform binary endomorphisms
In this section, we prove:
Theorem 3.7. A set T of overlap-free words over {a; b} is a test-set for overlap-freeness of uniform endomorphisms on
{a; b} if and only if T contains as factors
(1) the words ab and ba,
(2) at least one of the words aa; bb,
(3) at least one of the words aab; bba; ababb; babaa,
(4) at least one of the words baa; abb; bbaba; aabab.
For this we use the following lemma.
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Lemma 4.17. Let f be a strongly bi9x uniform endomorphism on {a; b} with f(ab) and f(ba) overlap-free. If f(a)
starts or ends with aa or with bb, then f(aa) and f(bb) are not overlap-free.
Proof. Let f be a strongly bi"x uniform endomorphism on {a; b} such that f(ab) and f(ba) are overlap-free.
We treat the case f(a) ends with aa. The three other cases are similar.
Since f(ab) is overlap-free, f(b) starts with b. Since f is strongly bi"x, f(b) ends with b, and f(a) starts with a.
If |f(a)|= 2 then f(a) = aa and f(b) = bb. Both f(aa) and f(bb) are not overlap-free.
If |f(a)|¿ 2, there exist words u1; u2 such that f(a) = au1aa, f(b) = bu2b. Then f(aa) is not overlap-free. Since
f(ab) and so f(a) is overlap-free, u1 ends with b. Since f is uniform, |f(b)|¿ 4. If u2 starts or ends with b then
f(bb) is not overlap-free. There exist words u3; u4 such that u2 = au3a (that is f(b) = bau3ab) and u1 = u4b (that is
f(a)= au4baa). Note that u3ab cannot start with a. Otherwise, since f(b) is overlap-free, f(b) starts with baab and then
we get a contradiction with f(ab) overlap-free. Thus u3 starts with b. There exists a word u5 such that f(b) = babu5ab.
Since the overlap-free word f(ab) contains ababu5a, the word u5 starts with b. From f(b) overlap-free, we get that f(b)
starts with babba. Consequently f(bb) contains the overlap abbabba.
Proof of Theorem 3.7. Let T be a test-set for overlap-freeness of uniform endomorphisms on {a; b}∗.
The overlap-free words of which ab is not factor are factors of bbaa. Thus the morphism f de"ned by f(a) = baa,
f(b)= aab veri"es: for all overlap-free word w, f(w) is not overlap-free if and only if ab is a factor of w. Consequently
ab∈ Fact(T ). Considering f ◦ E, we get similarly ba is a factor of T .
The overlap-free words of which aa and bb are not factors are factors of abab or of baba. Thus the morphism f
de"ned by f(a) = aa, f(b) = bb veri"es: for all overlap-free word w, f(w) is not overlap-free if and only if aa or bb
is a factor of w. Consequently {aa; bb} ∩ Fact(T ) = ∅.
The overlap-free words of which aab, bba, ababb and babaa are not factors are factors of abab, of babb, of baba or of
abaa. The morphism f de"ned by f(a) = aba, f(b) = abb veri"es: for all overlap-free word w, f(w) is not overlap-free
if and only if aab, bba, ababb or babaa is a factor of w. Consequently {aab; bba; ababb; babaa} ⊆ Fact(T ).
The overlap-free words of which baa, abb, bbaba and aabab are not factors are factors of baba, of bbab, of abab or of
aaba. The morphism f de"ned by f(a) = aba, f(b) = bba veri"es: for all overlap-free word w, f(w) is not overlap-free
if and only if baa, abb, bbaba or aabab is a factor of w. Consequently {baa; abb; bbaba; aabab} ⊆ Fact(T ).
Now let T be a set of overlap-free words verifying the four properties given in Theorem 3.7. Considering technics
of [5,18], we prove that T is a test-set for overlap-freeness of endomorphisms on {a; b}. First if f is an overlap-free
morphism, then f(T ) is overlap-free. Conversely, let f be a uniform morphism such that f(T ) is overlap-free. We prove
that f is overlap-free. This is the case if f = Id, if f = E or if f = .
From now on, assume that f = Id, f = E, and f = .
Since {aab; bba; ababb; babaa} ∩ Fact(T ) = ∅, and {baa; abb; bbaba; aabab} ∩ Fact(T ) = ∅, f is strongly bi"x. In
particular |f(a)|= |f(b)|¿ 2.
The words f(a) and f(b) do not start neither with aa nor with bb. Assume by contradiction that, for instance (the
other cases are similar), f(a) ends with aa. Since {ab; ba} ⊆ Fact(T ), f(ab) and f(ba) are overlap-free. By Lemma
4.17, f(aa) and f(bb) are not overlap-free: a contradiction with {aa; bb} ∩ Fact(T ) = ∅.
Now we prove that f(a); f(b)∈{ab; ba}+. Since f(a) and f(b) do not start with aa nor bb; f(a) and f(b) both start
and end with ab or ba. If |f(a)|=|f(b)|=2, or if |f(a)|=|f(b)|=4, then f(a); f(b)∈{ab; ba}+. If |f(a)|=3; f(a)=xyx
with {x; y} = {a; b}, and (since f is strongly bi"x) f(b) starts with yx: a contradiction with f(ab) overlap-free. Thus
|f(a)|¿ 5. We need two results cited in [5]. The second is due to Thue [26] (see also [13]).
Lemma 4.18. If x is an overlap-free word of length at least 5, then x contains a factor aa or bb.
Lemma 4.19. For any overlap-free word cddyc′c′d′ with c; d; c′; d′ ∈A and y∈{a; b}∗, dyc′ ∈{ab; ba}∗.
From Lemma 4.18, f(a) contains a factor dd (with d∈A) which is neither a pre"x nor a suCx of f(a). So
f(a) = xw′ddw′′y for x; y; d∈A and w′; w′′ ∈A∗ (here we can have x= y). We note x (resp. y) the letter of A diKerent
from x (resp. y).
We prove xw′d∈{ab; ba}∗. If f(b) ends with xx, this is immediate by Lemma 4.19. Assume now that f(b) ends with
xx. Since f(a) does not start with xx, xw′d starts with xx. Since f(ba) is overlap-free, this implies f(b) ends with xxxx.
Thus f(ba) ends with xxxxxw′ddw′′y. By Lemma 4.19, xxxw′d∈{ab; ba}∗. It follows xw′d∈{ab; ba}∗.
On the same way using the fact that f(ab) is overlap-free, we get dw′′y∈{ab; ba}+ and so f(a)∈{ab; ba}+. Similarly,
we can prove that f(b)∈{ab; ba}+.
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From f(a); f(b)∈{ab; ba}+, we deduce that f=◦g for a morphism g. Since f and  are uniform, g is also uniform
(with |g(a)|= |g(b)|= |f(a)|=2). Moreover, since  is overlap-free, the morphism g also veri"es the four properties given
in Theorem 3.7. Thus by induction on |f(a)| (and using E ◦  =  ◦ E), we can state that f = , f = k or f = k ◦ E
for an integer k¿ 0. Consequently f is overlap-free.
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